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Abstract--Fourier transforms are used to obtain expressions for the heat flux from a surface region at a given 
temperature into a 2 or 3 dim. semi-infinite solid, with all quantities assumed to be periodic in time. These 
expressions are evaluated explicitly in the 2-dim. case and are used to obtain approximate results in 3- 
dim. valid for a wide range of frequencies. An explicit exact expression for the 3-dim. steady-state heat flux 

from a rectangular surface region is also obtained. 
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NOMENCLATURE 

area [m 2] ; 
function defined in Section 3.1 ; k, 
constant defined in Section 1 ; p(x), 
distance [tn] ; r, 
Fourier transform operators; t, 
function defined in Section 5; u,v, 
function defined in Section 3.1 ; x,y,z, 
Bessel function of order 0; 
modified Bessel function of order v; 
rth integral of modified Bessel function of 
order 0; 
perimeter function defined in Section 4; tF (x), 
perimeter [m] ; f~, 
heat flux [W m-  2] ; ct,fl, 
region of integration ; 
t ), T (x, z, t ), time-dependent tempera- y, 
tures [K] ; 6, 

T(x,z), temperature amplitudes [K] ;  6(x), 
temperature difference [K] ;  e, 
particular values of temperature ampli- 0, 
tude [K] ; to, 
thermal conductance [W m-  2 K -  1] ; p, 
(i~/,01:~ [m-']  ; r 
A/(P/4) 2 ; oJ, ool,w2, 
distance [m] ; 
function defined in Section 3.4; 
g(w), defined in Sections 2.1 and 2.2; 

~Present address: Department of Mines and Energy, P.O. 
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g(x,y), function defined by equation (A1); 
h(COl,CO2), function defined in Section 5; 

thermal conductivity [Wm-1  K - t ] ;  
function defined by equation (A3); 
polar coordinate; 
time I-s] ; 
dummy variables; 
space coordinates. 

Greek symbols 

do, integrated heat flux, [W in 3-dim. W m-  1 
in 2-dim.]; 
heat flux at x [W m-  2] ; 
angular frequency [s-  l] ; 
particular values of x and y coordinates 
[m]; 

- 3 [ m ] ;  
~,+p [m]; 
delta function ; 
wall thickness parameter [m] ; 
polar coordinate; 
diffusivity [m 2 s- 1] ; 
polar coordinate; 
polar coordinate ; 
Fourier transform parameters. 

I.  I N T R O D U C T I O N  

AN ASSESSMENT of the space conditioning energy 
requirements of a proposed building design is now 
considered to be an important part of the design 
process. An array ofcomplex computer-based analysis 
techniques is being produced to meet this need. An 
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Fie,. I. The semi-infinite solid z I> 0. 

important part of such techniques is the determination 
of the building thermal performance, that is an analysis 
of time-dependent heat flows in and out of the building 
throughout the year. 

A given building element (wall, roof, window, etc.) 
may be viewed as a succession of homogeneous slabs of 
finite thickness in contact with each other, heat flow 
being assumed to occur only in a direction per- 
pendicular to the faces of the slab. Carslaw and Jaeger 
[1] deal extensively with such problems. This assump- 
tion of I-dim. heat flow is perfectly reasonable for 
most building elements, but it is patently false for 
elements in contact with the ground, such as a concrete 
slab-on-ground or a basement-in-ground, where 2 or 
3-dim. heat flow is inevitable. 

The problem is essentially one of heat flow within a 
semi-infinite space with known surface temperature 
distribution (Fig. 1). Carslaw and Jaeger (ref. [1] 
Section 14.9) provide a very general solution to this 
type of problem, but its practical application to heat 
flow under buildings is difficult and it remains one of 
the less tractable areas of building heat transfer 
analysis. Let us then briefly review some previous 
attempts at estimation of ground heat flow under a 
building, that is, estimation of the total surface heat 
flow within the building floor area as a function of 
temperatures at the surface within the building and 
external to it. 

The steady-state 2-dim. case is relatively simple. 
Macey I-2] estimated the steady-state total heat flow 
through the floor of a structure resting on the ground 
and with walls of finite thickness. His application here 
was to the estimation of heat loss through the floor of a 
kiln, furnace or drier. Denoting this total heat flow per 
unit area of floor by Q, Macey showed that for a 
constant temperature difference AT between the sur- 
face temperatures inside and outside the building, 

Q = 2kBAT tanh- 1 (d/D) (1) 
rzd 

where 2d is the separation of the walls, 2(D - d) is the 
wall thickness, k is the conductivity of the ground and 
B is a constant depending on the shape of the floor, 
varying from 1.6 for a square floor down to 1 for an 
infinitely long floor (see, however, Section 3.3). 

Billington [3] examined the applicability of Macey's 
expression to buildings, using a network analyser 
(electrical analogue) to examine some more com- 
plicated and realistic situations. He also compared his 

results with measurements taken by other workers [4, 
5] and confirmed the applicability of equation (1) to 
the estimation of steady-state heat flow through 
ground floors. Since the steady-state I-dim. heat flow 
through a normal building element is proportional to 
the temperature difference across the element, the 
constant of proportionality being the overall thermal 
conductance or transmittance U for the element, then 
equation (1) allows us to define a 1-dim. equivalent U 
value for the ground as 

2kB 
U = ~ tanh- (d/D). 

Such values have remained until the present as the 
basis for the conventional method of estimating heat 
flows through ground floors in the U.K. [6]. 

While considerations of the steady state are ade- 
quate for an estimation of long-term average heat 
flows, the non-steady state is important in the evalu- 
ation of intermittent phenomena, that is estimating 
energy requirements for an intermittently occupied 
building. 

Billington [7] considered a simplified analytical 
model of l-dim, heat flow into a semi-infinite ground, 
with the surface temperature varying periodically in 
time. (In effect, he chose to neglect edge losses in the 
non-steady state.) This analysis enabled the quantity 
and time of occurrence of maximum heat flow during 
the cycle to be evaluated. A similar solution, though for 
transient rather than periodic surface conditions, has 
recently been put forward by Kaushik and Srivastava 
[8]. The difficulty of evaluation of the exact time- 
dependent, 3-dim. solution of Carslaw arid Jaeger (ref. 
[1], Section 14.9), in practical situations has deterred 
most workers from using it. Lachenbruch 1-9] con- 
sidered the 3-dim. case with periodic surface con- 
ditions, and using Green's functions developed a 
complex analytical expression for the temperature in 
terms of a double integral. Vuorelainen [10, 11] 
considered a 2-dim. situation with a transient surface 
condition and a rectangular floor plan, but in appli- 
cation to the estimation of heat flows through ground 
floors ['12] only the steady-state solution appears to 
have been used. More recently, Muncey and Spencer 
1-13] considered the surface to be covered by an array 
of equally spaced identical rectangular slabs, with the 
surface temperature condition periodic in time. In this 
way the problem could be solved using Fourier 
analysis and the solution evaluated relatively easily. 
They then furthered the idea of Billington [3] by using 
this solution to derive expressions for "one-dimensional 
equivalent" non-steady state thermal parameters for 
the ground. The work of Muncey and Spencer [13] 
must be viewed as a major step forward in the 
estimation of non-steady state heat flows through a 
ground floor. 

The current work re-examines the problem con- 
sidered by Vuorelalnen [10--12] and Muncey and 
Spencer [13]. However, the surface contains only a 
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single floor, rectangular in shape. Using a method 
similar to that of Vuorelainen [10, 11], a formal exact 
solution for the heat flow at the surface of the floor is 
obtained. This heat flow is proportional to the tem- 
perature gradient at the surface, and in the following 
sections it is shown how this gradient may be expressed 
as the convolution of a Fourier transform with the 
known temperature distribution at the surface. The or 
problem is thus reduced to the evaluation firstly of the 
appropriate Fourier transform (Appendix A)and then 
of the convolufionintegral ; any explicit evaluation of 
the temperature throughout the semi-infinite solid is 
avoided. For non-steady state 2-dim. flow, it is shown 
that the total heat flow may be split into two com- 
ponents, the edge component and the downward or l-  
dim. component. This splitting enables the 2-dim. 
solution to be adapted to provide an accurate approxi- 
mation for the 3-dim. non-steady state heat flow into 
the ground, and it is shown that the edge or perimeter 
component is only significant at frequencies con- 
siderably less than the diurnal (I. cycle/day). Finally, an where 
explicit analytical expression for the 3-dim. steady- 
state heat flow from a rectangular floor is obtained, 
and it is found to be in excellent agreement with the 
graphical results of Vuorelainen [12]. 

2- F O R M A L  S O L U T I O N S  O F  TI lE  D I F F U S I O N  E Q U A T I O N  

2.1. Three dimensions 
Let us model the ground by a semi-infinite solid z >/ 

0 (Fig. 1), and assume that the temperature T in this 
region is oscillatory in time, with angular frequency f~; 
that is, 

T(x,y,z,t ) = T(x,y,z)e int. 

If the temperature distribution T(x, y, 0) at the surface 
is a known function, then a formal solution of the 
diffusion equation 

1 aT(x.y,z,t) 
V2T(x ,y ,z , t )  = 

rc at 

where k is the conductivity, and 

,~o - ( ~ ) ~  - (,ol + ~o ~, + a~) ~ '2 

x e - i  . . . .  i,,,~y g (col ,co~.) dwl den 2 (3) 

dT I 1 
,I z =o = (2n) z F , .y[- (co~ + w 2, + aZ)'a]*T(x, y, O) 

(4) 

by the convolution theorem. (F:,.y denotes a Fourier 
transform with respect to x and y and * denotes the 
convolution operation.) From Appendix A, we have 

2 / l : e  - a t  
F ~ . , [ - ( ~ ,  ~ + ~ ,  + a~) ' ~ ]  = - - p - - - ( l  + a~) (5) 

r = (x 2 + y2)ta. 

In principle, then, equations (2), (4) and (5) can be 
used to find the total heat flux into the ground from a 
region (say a concrete slab-on-ground) if we know 
the temperature distribution over the entire surface. 
However, in practice even the simplest non-trivial 
temperaturedistr ibution yields an intractable con- 
volution integral. 

The method described here can also be used when 
the flux instead of the temperature amplitude is 
specified at the surface, but not, in general, for mixed 
temperature-flux conditions. This means that where a 
flux condition might be natural (for example, where a 
wall overlies a surface), it is necessary to infer an 
approximate temperature distribution in this region, 
as is done in the following sections. 

is 

1 

. . l  l l l , ' l  
x e --(~', +o2+~ j g(wt,to,)d~ol dm 2 

where a = (iQfir ta ,  tr is the diffusivity, and 

2.2. Two dimensions 
For two dimensions we suppress the y-coordinate 

and model the ground by a semi-infinite plane z /> 0, 
and Write 

T(x, z, t ) = T(x, z) e iru, 

with T(x,O) a known function. The solution is then 

g(~ coz)= ; f ~  f f  ei'~'~+i~2YT(x,y,O)dxdy . 1 I ~~ e_i,,xe_z(,j,+a,),ag(co)doo, T(x, z) = 

The total flux into the ground from a region S is given where 
by 

laT"t''y'z) 
= - k J t3z dxdy (2) g(co) = f?~o el''~ T(x,O)dx. 
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As before, the total flux into the ground from a region and the repeated Bessel function integrals are defined 
~< x -%< /8 is as usual by 

I # OT(x,z) 
�9 = - k  J~ - - ~ - z  - -  ~=o d x  (6) 

where 

3T]  If_:' a2)l/2 e_iCax g(CO) dc O 
TFz ,=o = ~  - ( ~  + ~r~ 

(7) 

or 

OT [ 1 2 a2)t t2] * T(x.O). 
- f fZ ,  =o = 2-~ F~ [ -  (ca + (8) 

From Appendix A, we have 

F~, [ -  (co 2 + a2) t/2] = 2aKt (a l xDI -~] -  26(x)] 

(9) 

where K,.(z) is the modified Bessel function. 
As an alternative to using equations (6), (8) and (9), 

one may substitute equation (7) into equation (6) and 
perform the x-integral first. The result for the total flux 
is then 

k I ; ; o  ~ ((~ 
�9 --- - - -  e- i o~ g (co) do0 

2hi o~ 

+ f:o: (r +COO2)1/2 e-l~176 

or 

- 2n--i F~ T(cc,0) O9 

-- F# / (w' + a2)1c~ " 
( lO)  

fj fx Ki,(x) = Ki,_ t (t)dt;  Ki I (x) = Ko(t)dt.  

Combining equations (10)and (11), the total flux is 
given by 

�9 = ka {sgn (fl)[(n/2) + K t (. l f l l )  ;g 
- Kit ( , , l#l)]*T(fl ,  O) 

- sgn(~)  [ ( n /2 )  + K I (ill0[ D 

- K;t (a l= l ) ] *T (= ,  0)1. 02) 

In general, equation (12) is simpler to use than 
equations (6)-(9). Ho~vever, for the purposes of adapt- 
ing these 2-dim. results to the 3-dim. case, some results 
using equations (6)-(9) will also be used. 

3. SOME SPECIAL TWO-DIMENSIONAL RESUL3S 
3.1. The inclined-step temperature distribution 

Consider the temperature distribution shown in 
Fig. 2, and given by 

.•Tl,-- 09 <x.%< -- e 
T(x,O) = (T 2 - T , ) x / 2 t +  (T, + T2)/2 ' Ixl ~ 

LT2, g~<x < 0r 
(13) 

This could represent for example the interior of a 
building with temperature amplitude T1, a wall of 
thickness 2r., and the exterior with temperature ampli- 
tude T 2. 

The assumed temperature amplitude distribution 
must have gradients that are finite (although not 
necessarily continuous) in order to avoid singularities 
in the calculated surface heat flux. The assumption of a 
linear change from T t to T 2 made here is the simplest 
available. There would be no difficulty in choosing 
other functions to model, for example, a composite 
wall. 

Let 

by the convolution theorem. From Appendix A, we 
have 

(x) = ~z,OT(X,az . =o I 

F ~ ~(~ +_a2)t cz l = 2ai sgn(et) ( K t (a]~]) 

- K i t  ("1~1) + ~/2), 

and similarly for F#, where 

s g n ( x ) = {  l l i f x > 0  
- ifx < 0, 

and define B (z) by 

(11) 

B(z) - z[Ki ,  (z) - K, (z)]. 

Then, using equations (8) and (9), we have 
3.1.1. 1fix I 1> c. 

- T2)sgn(x) {Ko[a( x - l ( x ) = ( ! T t ~ - ~ n ~ .  } I '  ~)] 
- KoD( I x l  + ~)] 
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FIG 2. The inclined-step temperature distribution. 

--- X 

- BEa(lxl § =)0 § UEo(Ix l -  ~)0} 

( I  

+ ~[ (T ,  - T2)sgn(x ) - (T, + Tz)]. 

3.1.2. 1flxl ~< ~. 

(14) 

l ( x )  = - -  
(T  t - T~) 

2he 
{Ko [ . ( ~ -  x)] - Ko [ . (~ + x)] 

- n [,,(~ + x)] + n [a(~- x)]} 

+ ; I X ( T , - T , ) - ( T , +  T2)].  (15) 

3.2. The double inclined-step temperature distribution 
Consider the temperature distribution shown in 

Fig. 3, and given by 

For completeness, equations (8) and (9) have also been 
used to calculate the flux at any point. The results are 
given in Appendix B. 

3.3. The steady-state limit 
We note that equation (17) may be used to obtain 

the steady-state heat flux for the temperature distri- 
bution given by equation (I6). To do this we need the 
limit of equation (17) as a tends to zero (that is, xq ---, 0). 
This can be calculated by using the following small 
- Izl expansion of the Bessel function integrals: 

/t 
-~ -- Ki I (z) + Ki 3 (z) "" - z In z + . . .  

The total flux for the steady-state case is then easily 
found to be 

Note that this result is not the same as that of Macey 
[2] for an infinitely long floor. The reason for the 
discrepancy lies in his use of the temperature gradient 
appropriate to an infinitely thin wall rather than the 
exact expression for walls of finite thickness. 

3.4. Interaction between opposite walls 
Let us examine the extent to which the solution of 

Section 3.1 approximates that of Section 3.2, that is, 
the extent to which opposite walls interact. 

Consider the flux W(x) at any point due to the 
temperature distribution given by equation (13), when 
x~< - ~  

[ 'T , ,  Ixl ~< A 
! 

r (x ,  O)= ~ T '  + ff-'y~r~)(~- Ixl), 
I 1~ ~<l-',l ~< fl + 2 .  

L T , ,  I-"1 >//~ + 2~. 
(16) 

This could represent the same situation as in the 
previous section except that both walls of the building, 
each of thickness 2E, are now to be considered. 

For this temperature distribution it is convenient to 
use equation (12) to calculate the total flux in the 
region Ix[ ~< ft. The result is 

�9 - k(T!--nat T2) { ;  -- Kil (2at) + Ki3(2ae) 

- Ki ,  (2aft) + Kis(2afl)  + Ki ,  [ 2 a ( f l  + t ) ]  

c)]~ + 2flakT,.  (17) 

% 

Ki3[2a(fl  + 
J 

k ( T  t - T2) 
q'(x)  = - kl  (x) = f ( x )  + a k T  1 (18) 

2tie 

where from equation (14), 

f ( x )  = K o [ . ( I x l -  ~)] - K o [ ~ ( I x l  + ~)] 

- B  I,,(Ixl + ~)] + B [ ,~(Ixl-  ~)]. 

Noting that 

and 

f ( x )  --* 0 as x ---, - 

V(x)l ..-, ~o~sx  ---, - ~, 

then in the above expression for W (x) the first term 
represents the flux due to the presence of the wall at x 
= - e ,  and the second term represents the l-dim. 
downward flux at any point, akT~, due to a constant 
temperature amplitude of T 1 everywhere. [This fol- 
lows immediately from equation (7) since a(to) is a 
delta function if T(x, 0) is constant.] 

The total flux in the region x < - c caused by the 
presence of the wall is therefore obtained by integrat- 
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FIG. 3. The double inclined-step temperature distribution. 

X 

ing the first term in equation (18) from - oo to - e. 
The result is 

k ( T i - -  T2) f ( x ) d x  = k ( T l  - T2) 
2n~ 2nat; 

x [ 4 - K i t ( 2 a ~ ) +  Kia(2ae)].  

(19) 

Suppose now we have two walls separated by a 
distance 2fl, with a temperature distribution given by 
equation (16). We postulate that if 2fl is sufficiently 
large, then the total flux in the region between the wails 
can be obtained by neglecting the effect of one wall on 
the other. Thus, using equations (18)and (19), the total 
flux in this approximation should be 

�9 = 2 -2n-~e T 2 ) f ( x ) d x  + kaT  I dx 
p 

o r  

�9 k(T!nae--T2)I4_ Ki~ (2ae)+ Kia(2ac) 1 

+ 2flak T 1. (20) 

In appendix C, the accuracy ofequation (20) is checked 
by comparing it with the exact solution given by 
equation (17). From this comparison we conclude that 
for realistic wall separations, and for periods of up to 1 
year, the effect of the opposite wall can be neglected to 
a high degree of accuracy. 

4. TilE PERIMETER FUNCTION 

In the previous section it was established that in 
2-dim. flow the walls can be treated independently of 

each other when calculating the total flux in the region 
between them. This result will now be adapted to the 
more realistic 3-dim. case. 

Consider a slab of arbitrary rectilinear shape, with 
area A, perimeter P, interior temperature amplitude 
T~, exterior temperature amplitude T2 and surroun- 
ded by a wall of thickness 2e. We will assume that 
along any line perpendicular to the walls the con- 
clusions of the previous sections hold, viz. that the flux 
into the ground consists of a component representing 
the l-dim, flow vertically down, which at any point is 
given by the second term in equation (18), plus a 
component representing the curved-path flows under 
the wall. The flux resulting from this type of ftow can be 
calculated for each position along the perimeter inde- 
pendently of the presence of an opposite wall (provided 
it is sufficiently far away, see Appendix C), and is given 
by equation (19). Thus the total flux through the slab, 
using equations (18) and (19), is given by 

kP(T1 -- T2) Jan__ 
�9 = -2n~ - Ki,  (2ae) 

L~ 

Ki 3 (2a~)] + akA Tt ,  + 

if corner effects are neglected. 
Define a 'perimeter function' L(v), given by 

(21) 

L(v) = - -  - Ki I (v) + Ki  s(v) . 
I W  

The total flux as a function of time is then 

Re {[kP(T ,  - T2)L(2ae ) + akAT , ]  ein'}, 

and L(v) can easily be calculated for various values of 
It,] = 2e (~/t,:) t/2. To determine the relative importance 
of the perimeter term kP (T~ - T2) L(2ac)and the area 
term akA T 1 at various frequencies, let us take a typical 
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Table 1. 

Period P L (2at.) aA 
(days) (m) (m) 

1 2.92 - 2.82i 889(1 + i) 
30 14.5 - 7.49i 162(1 + i) 

365 28.2 - 9.17i 46.5(i + i) 

floor slab of dimensions 10 • 10m, with a wall 
thickness of 0.2m. Suppose for simplicity that the 
internal temperature amplitude is 10K and the exter- 
nafamplitude is 20K, so that we need only compare the 
relative sizes of PL(2ae) and aA. The values of the 
perimeter term and the area term have been calculated 
for three values of the period (1 day, 30 days, and 365 
days) using the value ~: = 4.6 x 10-Tm2s  - t  for 
average soil [1]. The results are given in Table 1. 

Clearly the perimeter component  only begins to 
become significant at periods much greater than one 
day, i.e. in the region of steady-state behaviour. 

by the convolution theorem, where 

h ( c o l , c o 2 )  - 

(~of + o~,) ' 
O) 1 s 2 

In Appendix A it is shown that  

F x  ,y 
(oJ~ + to22) t a  2n(x z + yZ)tra 

t.O l to 2 x y  

Using this expression in equation (22), and noting that 
we can choose axes so that T(x, y) = T(+-x, 4-y), the 

t o t a l  flux is given by 

2k (~2 + ,82)1/2 
(~, ,8) = * T(a, ,8). 

ha,8 

Explicitly, 

~ ( a ,  ,8 )=  2k f ~ o  f ? ~  [ ( a - u ) Z  + ( f l -~  
[ ( ~  - u ) ( , 8  - o)] 

5. Ti lREE*DL%IENSIONAL STEADY STATE i l E A T  F L O W  

The results of the previous section are not valid for 
the 3-dim. case in the steady state. This case has been 
treated by Vuorelainen [10-12],  who obtained the 
total heat flow �9 from a rectangular floor, in the form 
of a double integral. This was evaluated numerically 
and the results presented in the form of nomographs.  
In this section we will use a similar method to obtain 
an exact expression for r 

Consider  a rectangular slab in the z = 0 plane with 
dimensions 2% 2fl (Fig. 4). F rom equation (2), the total 
heat flow into the ground is given by 

q~ = - k dxdy  
_~ d _ #  0,7 I==O 

where g T / &  at z = 0 is given by equation (3) with a = 
0 for steady-state conditions. Performing the x, y 
integrals in the above equation gives 

k f[ (to, § toz2)' /2 (e i . . . . .  e-i" '=) (I) ~ - - - -  
4nz . x, tol o22 

X (e i':'-','q -- e-i'~:fl) O (col, o92) dCOl do92 

or, writing T(x, y, 0) as T(x, y), 

k 
{F_ ,._ p[h (o,,,,o2)] *r ( - , , ,  -,8) 

4rr z 

+ F~. ~ [h (,o,, toz) ] * T(~t, fl) 

- F_, .a[h(o21,wz)]* T(-ct , ,8) 

x T(u. v) dudo. (23) 

To avoid singularities at u = ct and v = ,8, a wall of 
finite thickness 2e is required. Assume that within the 
walls the surface temperature is 0, and that the 
temperature falls linearly from 0 to - 1  over the 
distance 2t. In the steady state, all surface temperature 
distr ibutions with the same inside-outside tempera-  
lure difference will give the same result. 

Referring to Fig. 4, T(x,y)  is given as 

T(x, y) = ", 

0, I,r ~< ~, lyl  ~< ,8 

- 1, ]x] >/ct + 2e and/or  

lyl /> ,8 + 2e 

,8-____ZY, ,8~y.<,8+ 2e, 
2e 

Ixl ~ y+r  
(Region I) 

C t - - X  
, a ~  x ~< c t+  2g, 

2~ 

l y l . < , ,  + , 8 -  ~, 
(Region II) 

, 8 + Y  
2~ ' , 8 - 2 e ~ < ) ' ~ < - , 8 ,  

Ixl ~< - y  + ,, _ ,8 
(Region III)  

c t + x  & -  2r.~< x ~< - ~ ,  
2t: ' 

lyl-<. - x  § ,8 - ,, 
(Region IV) 

- F , . _  a [ h  (co , ,  to 2)]  * T(ct,  - ,8)} ( 2 2 )  ( 2 4 )  
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~+2c 

-~-2c -or 

/ 

T = 0  

rll 
-/3-2t 

T= -'] 

i 
,~ ~ .  2 - ' ; i 7  ' ' x  

\ 

Fio. 4. The surface temperature distribution for 3-dim. steady-state heat flow. 

Combining equations (23) and (24) gives 

r = 2k G (c~,fl) (25) 
where 

( ) G(~,fl) = 2 + e +c fl (~ + e)2 + (fl + e)2]'a - (x]2) 1 + ~ [~2 + (e + 2e.)2] '/2 

-(~/2)(1 +~--)[fl2+(fl+2~)2]ta-~+fl(~2+fl2) 't2 
~2 + / /2  

+ {1 + (x/2)ln [(x/2)-  1]} + 2~{(V/2 ) + In[(,,/2)- 1]} 

f[" 1 '2--(fl"t" s 2 I[(~'q- ,C)2q'- (/J-}- ~)2]l/2'-{"/'Jnu/~l (42)y2 In 72 + (6 + 2/:)2] 1/2 + 6 + 2~: + In - - - 

-~ (72 + 62) ~a + 6 ~ ~ + 

I 1 (Z2 ~2 p(2~  - p)  (~2 + / ~ 2 ) , a  + ~. _ 
-t- - -  In 

fl2 -- ~Z ln ~[~ + (fl + ~)2]'/2 + ~ ~-q---~ 

+ ( 2 ~ +  e) ln~ [ ~ + ( c t +  ,:,)2]t/za + o r +  ~]  

+ (2 f l+  ~ ) In~  ~ + ( f l +  ~)2],a+~+e. ~] 

(x/2) ~ 2 [[cx2 + (co + 2c)2]1/2 + ~ q- 2t: 1 
+ In 

- - i n  [.[~2 + (.~,+~ +_ ~)_2]t a + ~1 

+("/2d f12 In ~f12+(fl+2~)2]'12+fl+2~ l f l  

and "f = cc - fl, 6 = c~ + ft. 
The 2-dim. result of Section 3.3 can be obtained by 

dividing equation (25) by 2a and letting cc ~ co. Note 
also that great simplification results in the case where 
,', >> r., fl >> t. This, of course, isjustified in most cases 
and gives 
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- ~ 4k [c~ In (~.~) + n fl ,n ( - ~ )  

+ 2 ( ~  +/32)~a _ ~ _ # 
[ (~ + p~),a + p] 

- f l ln a 

[ ( : :  + /32) ,a  + : ]  ] .  (xlfl (26) 
/3 J 

~quat ions  (25) or (26) can be with the compared 
gaphica l  results of-Vuorelainen [12] for slabs of 
various dimensions, and wall thicknesses of 0.25, 0.30 
and 0.35 m. Detailed comparisons were made using 
equation (26), and in all cases the discrepancies were 
less than 4%, which is close to the accuracy with which 
values can be read from the graphs of ref. [12]. Even 
these small discrepancies disappeared when the exact 
zxpression given by equation (25) was used for the 
comparison. 

lfthe slab shape is not rectangular but rectilinear, we 
propose, following the method suggested by Muncey 
and Spencer [13], that the total heat flow from the slab 
,vhose area is A and perimeter is P be set equal to the 
:oral heat flow from an equivalent rectangular slab 
,vhich has the same area and perimeter. The dimen- 
;ions of the equivalent rectangular slab, 2ct and 2fl, can 
9e calculated from the equations 

= ~[P + (P' - 16A)' :  2] 

1 
/3 = g[P - (p2 _ 16A)ta].  

With these values ofct and/3, equations (25) or (26) may 
then be used to find q~. 

6. CONCI.USIONS 

The rcsults of thc prcvious sections, when taken 
together, provide a relativcly complete and practical 
~olution to the problem of 3-dim. hcat flow into the 
ground undcrncalh a rectilinear slab. Assuming har- 
monic time dcpcndcncc with angular frequency D., 
Lhcn thc solution for the harmonic amplitude 4) of the 
total heat flux at thc surface may be exprcssed as a 
'unction of ~ in the following manner, provided that 
thc assumptions of Section 4 hold: 
(I) For f~ > I cyclc pcr day, the heat flow is 

:ssentially l-dim., that is, perpcndicular to the slab 
urfaee, and the solution has an appropriately simplc 
orm, given by 

... a k A T i .  

(2) For f~ between 1 cycle/year and 1 cycle/day, 
he heat flow is truly 3-dim., and to a very good 
.pproximation consists of the curved-path flows 
round the edge or perimeter ofthe slab plus the l-dim. 
!ow applicable to (1), as shown in equation (21). 

(3) For fl  = 0 (the steady state), we have an exact 
xpression for �9 in the case of a rectangular slab, given 

by equation (25). For  a non-rectangular  slab, a 
sufficient approximation exists [13] (see Section 5). 

Note that we do not  have a solution when f~ is 
between 0 and 1 cycle/year, llowever, the frequency 1 
cycle/year is sufficiently close to the steady-state for 
this matter to be of no practical concern. 

All the solutions presented here are simple in form 
and mainly analytical. Furthermore, the results of 
Sections 4 and 5 can be used to obtain solutions for 
more complicated boundary  condit ions:  for example, 
a constant  temperature over the slab and a (different) 
constant temperature plus a harmonic time-dependent 
component  outside the slab. The only numerical 
evaluation required is for the two repeated Bessel 
function integrals K i  I (z) and Ki3 (z), which are well- 
known functions. 
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APPENDIX A 
SONIE FOURIER TRANSFORMS 

1. Calculation ofF, . ,  [ - ( (o i  + (o, 2 + a2) la] 
Let 

f: I; e l~ l x+ l~  . ~ (oJ~+(ul+a2) w2duJldc~ g(x,y)= 

(AI) 

PAT 26 -1  - I 
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and change to polar coordinates by writing to t 
pcosO, to2 = p sin 0, so that 

f Oe I - :  f)ei(~P c~ * }'P sin O) 
Q(X,.)') = n (/92 + aZ) ~/2 dpdO. 

I fwe make the further transformation x = r cos ~b, y = r sin qS, 
then 

= [ ;o'OOe,,-,,o-o, 

+ f f  dOei,pco,,o,,~,-Ir " pdp l 
J L(p ~ + a')'/2 J 

o r  

fo F v&(,p) -I.  2 n e - ~ '  O(x,y) = 2~ k-(p~r~]Op = ~ - ,  (A2) 

by the use of the integral representation of the Bessel function 
and a table of integrals [14]. 
The integral we require is 

F. . , [ - ( to , '  + to~ + ~)'~] 

= ;_~ L - (,~I + ~; + E,'~e"','+"'~dto, alto,. 

It is easy to see from equation (AI) that 

dzg c3zg 
d) .z 

llence, using equation (A2), we obtain 

F2ne- ~" 7 F,.r [-( to ~ + oJ] + a') ̀ /2] = [ - ~ - j r  + .o. 

Z Cala,l.ao,, ofF.., [(to~ + to22)tP-/to, ~,,] 
Let us take a = 0 in equations (AI) and (A2). Then 

r e i  . . . .  + ieJD' ] " 2t~ 

g(x.y,= ; f .  I ~  [(~,~+'o2,)'2J&~ 

where r = (x 2 + ).2)ta. 

Now 

dg 
gAx,>'l = ~ = 

and so 

f~ g~, (x,y') d y  = 

since 

L (to: + ~ 'n ]dto, d~2, 

; ~  f ; ~  I-~o,ei'~"(e i'~a - 1)'] 

f- tO ~it~tx+i~D' -I 
f;~, f~ ,  [~zi~lz~ col)x-'---}"] dto'dto'' 

. r" to e t'~," "1 
f~ f f  1_ - ' _ -  .Id,o, dto~=O, DJ,(to~ + tol)"J 

by symmetry. 

S imi lar ly  : 

" ~" F m2e k~vx+ie~D" -] 
IJ Y"(x"y)dx'= ;f~ I-,~.l---~-L-5~'t (to~ + w~) n.J 

Therefore, 

f2 gr(x',y)dx' + I2 g,,(x,y')dY' 

- - ~  1[/)10)2 J ' 

r(to,' + ~',)''-I 

But 

and so 

2~x 2n.r 
g,(x, y) == - 7 '  gdx'Y) = r J ' 

r 
F(to, ~ + to])"~q 2~(x' + ).b ''~ 

3. Calculation of F, [ - (to 2 + a2) ' a ]  
We require the integral 

F~[_( to2 + aZ)t/x] = P~j_f_ (toz + aZ)t/2ei,~,d( o 

= 2 _ (6o2 + a2lt/2 cos toX dto. 

Let 

o ~ F costox -I 

Using the integral representation [14] of the modified Bessel 
function Ko(z), we have 

p(x) = 2Ko(alx D. (A4} 

The modulus sign has been inserted into the argument of the 
Bessel function because p(x) needs to be defined for all values 
of x. From equation (A3), we have 

dZP f ;  - -  = - 2 (to' + a2)t;2 costoxdm 
d.'c 2 

so that 

f ; ~  costox -I 
+ 2a z (t~+-~)ta jd~, 

F~[ - ( to2  + a2) '/2] = n d2r - aZp. 
dx 2 

From equation (A4) 

and 

dp 
~xx .= - 2asgn(x)Kt  (~1~1) 

[, ] ~ x  2 - -  2a ~<ot~lxl) + 2,a<, !~lxl) ~ - 2 6 ( x )  . 
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Hence 

Fx [ -- (~2 -i- a2)lt2] = 2aKi  (alxD D~l - 2'5 (x)]. 
and defining B(z) by 

B(z) = z[Ki, (z)- K i (z)], 
the results are as follows: 

4. Calculation ofF,[ (co 2 + a2) l~ /~]  
Let 

Then 

since 

by symmetry. 

P(") = ;?~ I(o2 e~'+ =')'~ ] de~ = 2Ko(al~l)" 

I [ e ''~' ] 
f; P(=')d:< = T f~,  Co,(j +---~,),a jd" 

;_=| [~o(co,d+a,), ~ ]  = ~  

(A5) 

(a) Vlxl > , + 2~, 

l ( x )  - ( r i  - Tl) { B [ a ( l ~  I + p + 20 ]  
2he 

+ ~ [a(I-'<l-/~ - 2o] 
-B[at lxl  + ;3)2 - B [a(Ix I - B)] 

+ Ko[a(Ixl + l~ + 2~)3 

+ Ko [ a ( I x l - / ~ -  20] - Ko[a(Ixl +/~)] 
- Ko[a( Ix l  - P)]} - ~T,. 

(b) t / lxl < p, (BI) 

! (x) = ,  (T, -- T2) { B[a(~ + 2t + x)] + B [a(fl + 2~ -- x)]  
2n8 

- -  B [ a ( #  + x)] - -  B [ a ( f l  - x)] + Ko [a(fl + 2r + x)] 

Also, 

t "~ I- eoe i ~  "1 

f= [ ~176 ]5<0 - i~ '  j _ |  [ < o ( J ~ ' ) " ~  

r(mz + a2 ) t a ' ]  f~  
7o- / +' '  

so that 

F , [ ( w ' Z _ a 2 ' t a ] = _ i d P + i a , ; ~ p ( c t , ) d ,  . 

But, from equation (AS), 

. f; P(a')d" = !sgn(~)[2- Ki, (ala') ], 

so that 

F. [!~ +-eoa2)ta ] = 2ai sgn (~O 

+ Ko[a(f l  + 2 t -  x)] - Ko [a(fl + x)] 

- K o [ a ( f l  - x ) ] }  - a T , .  

(B2) 
(e) tfp < Ixl </3 + 2, 

1 (X) (Tt  - T2) 2~-----7-- {B [a(~ + 2t + x)] + ~[a(p + 2~ - x)] 

- B [ a ( I x l  + # ) ]  - B [ a ( I x l  - #)] 

+ Ko [a(x + p + 20] 
+ Ko[~(# + 2c- x)] - Ko[~(Ixl + #)] 

- Ko[a(Ixl -/~)7 

+ , < ( I x l -  B)}. (B3) 

APPENDIX C 
NEGLECTING OPPOSITE WALLS 

The accuracy of equation (20)can be checked by compar- 
ing it to the exact result, given by equation (17). Let 

;I 
A = -~ - Ki, (2aa) + Ki3(2aa), 

and 

,5 = Ki~(2a~)- Ki, (2aft) + Ki, [2a(~ + e)] 
- h'i 3 [2a (./7 + t ) l -  

Then, referring to equations (17) and (20), it is clear that the 
presence of an opposite wall has a negligible effect on the flux 
due to the wall.under consideration if 

APPENDIX B 
IIEAT FLUX FOR TIlE DOUBLE INCLINED-STEP 

TEMPERATURE DISTRIBUTION 
Equation (8) was calculated using the temperature distri- 

bution given by equation (16). Writing 

IRe(A)] >> IRe (6) I 

and 

pro(A) I >> pm 0)-I 

An accurate numerical calculation has been made of A and '5, 
using the values i< = 4.6 • 10- 7 m s s-  ' for average soil [ 1], 2e 
= 0 2 m  (a typical wall thickness) and 2,'7 = 3m. Some 
representative results for various values of the period ate 
shovm in Table 2. 
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Table 2. 

Period (days) Re(A) Im(A) Re(di) Im(tS) 

1 0.803 0.014 < 10 - s  
50 0.494 0.180 0.00030 -0.00041 

100 0.409 0.172 0.0017 0.00044 
150 0.363 0.163 0.0021 0.0021 
200 0.332 0.156 0.0017 0.0037 
250 0.309 0.150 0.011 0.0049 
300 0.292 0.145 0.0031 0.0059 
350 0.277 0.141 -0.00052 0.0066 
400 0.265 0.137 - 0.0014 0.0072 

From these results it is clear that for 2fl = 3 m and for 
periods of less than 1 year, the maximum error involved in 
ignoring the contribution o f f  to equation (17)is of the order 
of 5~o. This error increases with increasing period but 
decreases with increasing fl (for constant e). These con- 
clusions are valid provided that e << ft. 

APPLICATION DES TRANSFORMEES DE FOURIER A LA C O N D U C T I O N  T H E R M I Q U E  
PERIODIQUE DANS LE SOL SOUS UN IMMEUBLE 

Rdsumd--Des transformdes de Fourier sont utilisdes pour obtenir des expressions du flux de chaleur depuis 
une surface 5. tempdrature donnde dans un solide semi-infini ,-i deux ou trois dimensions, avec toutes les 
grandeurs supposdes pdriodiques dans le temps. Ces expressions sont explicit~es dans le cas bidimensionnel 
et elles sont utilisEes pour obtenir des rdsultats approchds dans trois dimensions, valables pour un grand 
domaine de frdquences. Une expression explicite exacte est obtenue pour le flux thermique, dans le cas 

permanent tridimensionnel, 5. partir d 'une surface rectangulaire. 

A N W E N D U N G  DER FOURIERTRANSFORMATION A U F  DEN PERIODISCHEN 
W/~RMEFLUSS IN DEM BODEN UNTER EINEM GEB,~UDE 

Zusammenfassang--Fouriertransformationen werden verwendet, um Ausdrficke ffir den W~rmestrom von 
einem Gebiet an der Oberfti/che mit gegebener Temperatur in einen zwei- oder dreidimensionalen 
halbunendlichen Festk6rper zu erhalten, wobei angenommen wird, dab alle Gr613en periodisch in der Zeit 
sind. Diese Ausdr/icke werden explizit ffir den zweidimensionalen Fall ausgewertet und benutzt, um 
N~ihrungsl6sungen ffir den dreidimensionalen Fall zu erhalten, die f~r einen grol3en Frequenzbereich g/iltig 
sind. Eine exakte explizite L6sung for den dreidimensionalen station~ren W~irmeflul3, der yon einem 

rechteckigen Gebiet an der Oberfl~/che ausgeht, wird ebenfalls erhalten. 

t tCHOJ lb3OBAHHE HPEOBPA3OBAHHITI OYPBE ,/][.Flfl P A C q E T A  BEJII, t q H H b l  
I-IEPHO,/IHqECKOFO HOTOKA TEIIJIA B FPYHT I10,/1 3}1AHHEM 

Annolauafl--,/][na onpeneaenn~ aeml,mHI,t rennoaoro  no ro ra  o r  noaepxnocrH c 3a./iaHrloii TeMnepa- 
Typoii r J1ByMeptto.".iy II.1]H "rpexMepHoMy nony6ecrone,tHOMy raep,aoMy re.ny llcno~ab3y~OTC~t 
npeo6pa3oaamta qbyp~,e a npellnono~enmt,  qro  Bce BeJlnqtltlbl ~la.rl~no'rc~ nepllo./llitlecKllMit BO 
BpeMeHIt. l-lonyaenbt aupa~emtu a sano.",t a~ine nna nayMepHoro cnyqa~l, r o r o p u e  ncnoab3ym-rca 
3are.,.i ,gnu no:ly,-lemta npll6.an~em~blX pe3y.ab'raroa e "rpexMepnoM c.nyqae. Hoc.ne.anne cnpaae/l.q~lBbl 
B mnporoM ,anana3one qacror .  T a r ~ e  nonyqeHo -roqHoe ~anoe Bblpa>renHe Jl.na rpexMepnoro 

cTamionapnoro rennoaoro  noroxa o r  np~Moyronbnoii o6~ac-r~l noBepxHocrn. 


