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Abstract—Fourier transforms are used to obtain expressions for the heat flux from a surface region at a given
temperature into a 2 or 3 dim. semi-infinite solid, with all quantities assumed to be periodic in time. These
expressions are evaluated explicitly in the 2-dim. case and are used to obtain approximate results in 3-
dim. valid for a wide range of frequencies. An explicit exact expression for the 3-dim. steady-state heat flux
from a rectangular surface region is also obtained.
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NOMENCLATURE
area [m?];
function defined in Section 3.1;
constant defined in Section 1;
distance [m];
Fourier transform operators;
function defined in Section 5;
function defined in Section 3.1;
Bessel function of order 0;
modified Bessel function of order v;
rth integral of modified Bessel function of
order 0;
perimeter function defined in Section 4;
perimeter [m];
heat flux [Wm™?];
region of integration;
time-dependent tempera-
tures [K];

T(x,y.z), T(x,z), temperature amplitudes [K];
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temperature difference [K];

particular values of temperature ampli-
tude [K];

thermal conductance [Wm~™2K™1];
(10/x)' 2 [m~'];

A/(P[4)*;

distance [m];

function defined in Section 34;

defined in Sections 2.1 and 2.2;
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g(x,y), function defined by equation (Al);
h(w,,w,), function defined in Section 5;

p(x),
r’

t’

u,v,
x,y.2,

thermal conductivity [Wm™'K™'];
function defined by equation (A3);
polar coordinate;

time [s];

dummy variables;

space coordinates.

Greek symbols

D,

¥ (x),
Q,
B,

Vs

[
¢,

integrated heat flux, [W in 3-dim. Wm™!
in 2-dim.];

heat flux at x [Wm~?2];

angular frequency [s™'];

particular values of x and y coordinates
[m];

o — ff [m};

a+ B [m];

delta function;

wall thickness parameter [m];

polar coordinate;

diffusivity [m?s™'];

polar coordinate;

polar coordinate;

w,w,,w,, Fourier transform parameters.

1. INTRODUCTION

AN AssessMENT of the space conditioning energy
requirements of a proposed building design is now

considered to be an important part of the design

process. An array of complex computer-based analysis
techniques is being produced to meet this need. An
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F1G. 1. The semi-infinite solid z >

important part of such techniques is the determination
of the building thermal performance, that is an analysis
of time-dependent heat flows in and out of the building
throughout the year.

A given building element (wall, roof, window, etc.)
may be viewed as a succession of homogeneous slabs of
finite thickness in contact with each other, heat flow
being assumed to occur only in a direction per-
pendicular to the faces of the slab. Carslaw and Jaeger
[1] deal extensively with such problems. This assump-
tion of 1-dim. heat flow is perfectly reasonable for
most building elements, but it is patently false for
elements in contact with the ground, such as a concrete
slab-on-ground or a basement-in-ground, where 2 or
3-dim. heat flow is inevitable,

The problem is essentially one of heat flow within a
semi-infinite space with known surface temperature
distribution (Fig. 1). Carslaw and Jaeger (ref. [1]
Section 14.9) provide a very general solution to this
type of problem, but its practical application to heat
flow under buildings is difficult and it remains one of
the less tractable areas of building heat transfer
analysis. Let us then briefly review some previous
attempts at estimation of ground heat flow under a
building, that is, estimation of the total surface heat
flow within the building floor area as a function of
temperatures at the surface within the building and
external to it.

The steady-state 2-dim. case is relatively simple.
Macey [2] estimated the steady-state total heat flow
through the floor of a structure resting on the ground
and with walls of finite thickness. His application here
was to the estimation of heat loss through the floor of a
kiln, furnace or drier. Denoting this total heat flow per
unit area of floor by Q, Macey showed that for a
constant temperature difference AT between the sur-
face temperatures inside and outside the building,

2kBAT

0= nd

tanh ™! (d/D) 1)

where 2d is the separation of the walls, 2(D — d) is the
wall thickness, k is the conductivity of the ground and
B is a constant depending on the shape of the floor,
varying from 1.6 for a square floor down to 1 for an
infinitely long floor (see, however, Section 3.3).
Billington [ 3] examined the applicability of Macey’s
expression to buildings, using a network analyser
(electrical analogue) to examine some more com-
plicated and realistic situations. He also compared his
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results with measurements taken by other workers [4,
5] and confirmed the applicability of equation (1) to
the estimation of steady-state heat flow through
ground floors. Since the steady-state 1-dim. heat flow
through a normal building element is proportional to
the temperature difference across the element, the
constant of proportionality being the overall thermal
conductance or transmittance U for the element, then
equation (1) allows us to define a 1-dim. equivalent U
value for the ground as

U= &Iitanh'l (d/D).
, nd

Such values have remained until the present as the
basis for the conventional method of estimating heat
flows through ground floors in the UK. [6].

While considerations of the steady state are ade-
quate for an estimation of long-term average heat
flows, the non-steady state is important in the evalu-
ation of intermittent phenomena, that is estimating
energy requirements for an intermittently occupied
building.

Billington [7] considered a simplified analytical
model of 1-dim. heat flow into a semi-infinite ground,
with the surface temperature varying periodically in
time. (In effect, he chose to neglect edge losses in the
non-steady state.) This analysis enabled the quantity
and time of occurrence of maximum heat flow during
the cycle to be evaluated. A similar solution, though for
transient rather than periodic surface conditions, has
recently been put forward by Kaushik and Srivastava
[8]. The difficulty of evaluation of the exact time-
dependent, 3-dim. solution of Carslaw and Jaeger (ref.
[1], Section 14.9), in practical situations has deterred
most workers from using it. Lachenbruch [9] con-
sidered the 3-dim. case with periodic surface con-
ditions, and using Green’s functions developed a
complex analytical expression for the temperature in
terms of a double integral Vuorelainen [10, 11]
considered a 2-dim. situation with a transient surface
condition and a rectangular floor plan, but in appli-
cation to the estimation of heat flows through ground
floors [12] only the steady-state solution appears to
have been used. More recently, Muncey and Spencer
[13] considered the surface to be covered by an array
of equally spaced identical rectangular slabs, with the
surface temperature condition periodic in time. In this
way the problem could be solved using Fourier
analysis and the solution evaluated relatively easily.
They then furthered the idea of Billington [3] by using
this solution to derive expressions for “one-dimensional
equivalent” non-steady state thermal parameters for
the ground. The work of Muncey and Spencer [13]
must be viewed as a major step forward in the
estimation of non-steady state heat flows through a
ground floor.

The current work re-examines the problem con-
sidered by Vuorelainen [10-12] and Muncey and
Spencer [13]. However, the surface contains only a
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single floor, rectangular in shape. Using a method
similar to that of Vuorelainen [10, 11], a formal exact
solution for the heat flow at the surface of the floor is
obtained. This heat flow is proportional to the tem-
perature gradient at the surface, and in the following
sectionsit is shown how this gradicnt may be expressed
as the convolution of a Fourier transform with the
known temperature distribution at the surface. The
problem is thus reduced to the evaluation firstly of the
appropriate Fourier transform (Appendix A) and then
of the convolution-integral ; any explicit evaluation of
the temperature throughout the semi-infinite solid is
avoided. For non-steady state 2-dim. flow, it is shown
that the total heat flow may be split into two com-
ponents, the edge component and the downward or 1-
dim. component. This splitting enables the 2-dim.
solution to be adapted to provide an accurate approxi-
mation for the 3-dim. non-steady state heat flow into
the ground, and it is shown that the edge or perimeter
component is only significant at frequencies con-
siderably less than the diurnal (1 cycle/day). Finally, an
explicit analytical expression for the 3-dim. steady-
state heat flow from a rectangular floor is obtained,
and it is found to be in excellent agreement with the
graphical results of Vuorelainen [12].

2. FORMAL SOLUTIONS OF THE DIFFUSION EQUATION
2.1. Three dimensions

Let us model the ground by a semi-infinite solidz >
0 (Fig. 1), and assume that the temperature T in this
region is oscillatory in time, with angular frequency 2;
that is,

T(x,y.z,t) = T(x,y,z)ei

If the temperature distribution T(x, y, 0) at the surface

is a known function, then a formal solution of the '

diffusion equation

laT(x,y.z.t)

VT (x,y,2,t) =
Coyzt)=——0

1 ® @ . .
’I'(x,y,z):——(zn)zf J el Xx—lazy

x e=Hei+ i+ g(g,, w,)dw, dw,

where a = (iQ/k)' 2, k is the diffusivity, and

glw,w;) = f f

The total flux into the ground from a region S is given

by
—k j J’i’]‘(x,y.z)
s 0z

el X +iwyy T(x,y,0) dxdy :

dxdy )
o

where k is the conductivity, and

oT 1 ® ®
X e—iw,x—iw,yg(whmz)dwl d(Dz (3)
or
oT 1
5 |, = G Fro (@ + 0h + @) ") T, 3, 0)

@)

by the convolution theorem. (F, , denotes a Fourier
transform with respect to x and y and * denotes the
convolution operation.) From Appendix A, we have

2ne”

F,,[— (0} + 0} +a?)'?]) = 3

(L +ar) (5
where
r=(x2+y)na
In principle, then, equations (2), (4) and (5) can be
used to find the total heat flux into the ground from a

region (say a concrete slab-on-ground) if we know
the temperature distribution over the entire surface.

" However, in practice even the simplest non-trivial

temperature distribution yields an intractable con-
volution integral.

The method described here can also be used when
the flux instead of the temperature amplitude is
specified at the surface, but not, in general, for mixed
temperature-flux conditions. This means that where a
flux condition might be natural (for example, where a
wall overlies a surface), it is necessary to infer an
approximate temperature distribution in this region,
as is done in the following sections.

2.2. Two dimensions

For two dimensions we suppress the y-coordinate
and model the ground by a semi-infinite plane z > 0,
and write

T(x, z, t) = T(x,z)e¥,

with T(x,0) a known function. The solution is then

0

1
T(X,Z) = 5—; J\_

where

e—iux g —2(w? +d%)'?

glw)dw, -

ax

el“* T(x,0)dx.

glw) = J
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As before, the total flux into the ground from a region
a<x<fis

£ oT(x,
m:-kf S0 . 6)
x 62 z=0
where
a_T =L * _(w2+a2)lﬂe—iwxg(w)dw
oz |, 2m)__
M
or
M| L p - +a) ] T(x0). @)
az =0 2n

From Appendix A, we have

Fi[—(w? + a*)'?] = 2aK (a|x]) [l%l - 26(x)]
®)

where K (z) is the modified Bessel function.

As an alternative to using equations (6), (8) and (9),
one may substitute equation (7) into equation (6) and
perform the x-integral first. The result for the total flux
is then

. = 2 2312
«n=—i_U O HA T g ) do

2mi | Jo o w
N J‘ac (wz + az)lfl c—lwﬂg(w)dw]
—x w
or
o= K [p, <M>*T(a,0)
2ni w
2 23172
—F, <(L°+Ta))*7‘(l3, 0)] (10)

by the convolution thcorem. From Appendix A, we
have

2 231
F, I:(w_-*.wa_ﬁ:l = 2ai sgn(ot) (Kl (a]a|)

- Ki (al|«]) + n/2), (11)
and similarly for Fg, where

1ifx>0
—lifx <0,

sgn(x) = {

and the repeated Bessel function integrals are defined
as usual by

Ki, (x) = J‘x Ki,_ (t)dt; Ki,(x) = Jx Ko(t)de.

X

Combining equations {10) and (11), the total flux is
given by

k
O = -n—a {sen(B)[(n/2) + K, (a]B])

— sgn(a)[(n/2) + K, (a]«])
— Kiy (a|«])]*T(& 0)}. (12)

In general, equation (12) is simpler to use than
equations (6)-(9). However, for the purposes of adapt-
ing these 2-dim. results to the 3-dim. case, some results
using equations (6)-(9) will also be used.

3. SOME SPECIAL TWO-DIMENSIONAL RESULTS
3.1. The inclined-step temperature distribution

Consider the temperature distribution shown in
Fig. 2, and given by

T,—w<x<—g
(T2 = T)x/2e + (T, + T,)/2, |x| < &
The<x<on.

T(x,0) =

(13)
This could represent for example the interior of a
building with temperature amplitude T,, a wall of
thickness 2¢, and the exterior with temperature ampli-
tude T,.

The assumed temperature amplitude distribution
must have gradients that are finite (although not
necessarily continuous) in order to avoid singularities
in the calculated surface heat flux. The assumption of a
linear change from T, to T, made here is the simplest
available. There would be no difficulty in choosing
other functions to model, for example, a composite
wall.

Let

and define B(z) by
B(z) = z[Ki, (z) — K, (2)].

Then, using equations (8) and (9), we have
JLL If|x| =z &

— T3)sgn(x)

T
1) = {72 O o] - o)

— Ko[al|x]| + &)]



Application of Fourier transforms to periodic heat flow

T(x.0]

'
1

—x

ol-—-

-8

FiG. 2. The inclined-step temperature distribution.

- Bla(|x| + &)] + Bla(|x| - &)]}

+SUT — Tosgn( — (T + Tl (19)
M2 If|x| € e
(T, -

—TTQ {Ko[a(e = x)] — Ko[a(e+ x)]

I = 2n

— Bla(e + x)] + Bla(e — x)]}

+§[§m T = (T, + Tz)]. (15)

3.2. The double inclined-step temperature distribution
Consider the temperature distribution shown in
Fig. 3, and given by

Tlv IXI < Bv

(T, -T,) )
T(ﬁ = |x[)

B<|x|< B+ 2

T, +
T(x, 0) =

Ty x| > B+ 2¢
(16)

This could represent the same situation as in the
previous scction except that both walls of the building,
each of thickness 2¢, are now to be considered.

For this temperature distribution it is convenient to
use equation (12) to calculate the total flux in the
region |x| < f. The result is

() — — Ki; (2a¢) + Ki;(2ae)
nae

KT, =Ty) §n
T rac |4
— Ki; (2aB) + Kis(2aB) + Ki, [2a(B + ¢)]

— Kiy[2a(B + c)]} + 2BakT,. (17)
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For completeness, equations (8) and (9) have also been
used to calculate the flux at any point. The results are
given in Appendix B.

3.3. The steady-state limit

We note that equation (17) may be used to obtain
the steady-state heat flux for the temperature distri-
bution given by equation (16). To do this we need the
limit of equation (17) as a tends to zero (that is, Q — 0).
This can be calculated by using the following small
— |z| expansion of the Bessel function integrals:

%—Ki,(z)+Ki3(z): —zlnz+...

The total flux for the steady-state case is then easily
found to be

Q= 0) = 2F(T’n_ L) {m [ﬂ + 8]

&

By [”;]}

Note that this result is not the same as that of Macey
[2] for an infinitely long floor. The reason for the
discrepancy lies in his use of the temperature gradient
appropriate to an infinitely thin wall rather than the
exact expression for walls of finite thickness.

3.4. Interaction between opposite walls
Let us examine the extent to which the solution of
Section 3.1 approximates that of Section 3.2, that is,
the extent to which opposite walls interact.
Consider the flux ¥(x) at any point due to the
temperature distribution given by equation (13), when
xXg —¢

Eﬂ"g—mf(x) + akT, (18)

W(x) = ~kl(x) = =5

where from equation (14),
f(x) = Kola(lx| - &)] = Ko[a(|x| + €)]
— Bla(|x| + )] + B[a(|x]| — &)]-
Noting that
f(x)—=0asx— —
and
[f(x)| > coasx—> —¢,

then in the above expression for ¥ (x) the first term
represents the flux due to the presence of the wall at x
= —¢, and the second term represents the 1-dim.
downward flux at any point, akT,, due to a constant
temperature amplitude of T, everywhere. [This fol-
lows immediately from equation (7) since g(w) is a
delta function if T(x, 0) is constant.]

The total flux in the region x < — gcaused by the
presence of the wall is thercfore obtained by integrat-
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FiG 3. The double inclined-step temperature distribution.

ing the first term in equation (18) from — oo to — &
The result is

K(T, — T)) f ferax = KL= T

X l:% - Ki', (2ag) + Ki, (205)]-
(19)

2ne £

Suppose now we have two walls separated by a
distance 2f, with a temperature distribution given by
equation (16). We postulate that if 2§ is sufficiently
large, then the total flux in the region between the walls
can be obtained by neglecting the effect of one wall on
the other. Thus, using equations (18)and (19), the total
flux in this approximation should be

e k(T, — ’
d=2 I Mf(x)dx + J kaT,dx
—w 2ne -
or
(T, —-T
O = ’_‘_(1—2_)[5 — Ki, (2ag) + Kiy (2(18)]
nae 4

+ 2Bak Ty. (20)
In appendix C, the accuracy of equation (20) is checked
by comparing it with the exact solution given by
equation (17). From this comparison we conclude that
for realistic wall scparations, and for periods of up to 1
year, the effect of the opposite wall can be neglected to
a high degree of accuracy.

4. THE PERIMETER FUNCTION

In the previous section it was established that in
2-dim. flow the walls can be treated independently of

each other when calculating the total flux in the region
between them. This result will now be adapted to the
more realistic 3-dim. case.

Consider a slab of arbitrary rectilinear shape, with
area A, perimeter P, interior temperature amplitude
T,, exterior temperature amplitude T, and surroun-
ded by a wall of thickness 2¢. We will assume that
along any line perpendicular to the walls the con-
clusions of the previous sections hold, viz. that the flux
into the ground consists of a component representing
the 1-dim. flow vertically down, which at any point is
given by the second term in equation (18), plus a
component representing the curved-path flows under
the wall. The flux resulting from this type of flow can be
calculated for each position along the perimeter inde-
pendently of the presence of an opposite wall (provided
itis sufficiently far away, see Appendix C), and is given
by equation (19). Thus the total flux through the slab,
using equations (18) and (19), is given by

_kP(T, —T))

()
2nag

B — Ki, (2a¢)

+ Ki3(2as)]+ akAT,, (21)

if corner effects are neglected.
Define a ‘perimeter function® L(v), given by
1= .. .
L(v) =—|]—— Ki, (v) + Ki5(v) |.

|4

The total flux as a function of time is then
Re{[kP(Ty — T,)L(2ac) + akAT ] ¥},

and L(v) can easily be calculated for various values of
|v] = 2e(Q/w)! 2. To determine the relative importance

of the perimeter term kP (T, — T,) L(2ac)and the area
term akAT | atvarious frequencies, let us take a typical
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Table 1.
Period PL(2az) ad
(days) (m) (m)
1 292 — 2.82i 889 (1 + i)
30 14.5 — 749i 162(1 +1i)
365 28.2 - 9.17i 46.5(1 + 1)

floor slab of dimensions 10 x 10m, with a wall
thickness of 0.2m. Suppose for simplicity that the
internal temperature amplitude is 10K and the exter-
nal amplitude is 20K, so that we need only compare the
relative sizes of PL(2ae) and aA. The values of the
perimeter term and the area term have been calculated
for three values of the period (1 day, 30 days, and 365
days) using the value k = 4.6 x 10" "m?s™?! for
average soil [1]. The results are given in Table 1.

Clearly the perimeter component only begins to
become significant at periods much greater than one
day, i.e. in the region of steady-state behaviour.

5. THREE-DIMENSIONAL STEADY STATE HEAT FLOW

The results of the previous section are not valid for
the 3-dim. case in the steady state. This case has been
treated by Vuorelainen [10-12], who obtained the
total heat flow @ from a rectangular floor, in the form
of a double integral. This was evaluated numerically
and the results presented in the form of nomographs.
In this section we will use a similar method to obtain
an exact expression for ¢.

Consider a rectangular slab in the z = 0 plane with
dimensions 2z, 2f (Fig. 4). From equation (2), the total
heat flow into the ground is given by

a8
d):_kJ' '[ aT
2 Jop 0z

where 0T/0z at z = Ois given by equation (3) witha =
0 for steady-state conditions. Performing the x, y
integrals in the above equation gives

L

x (ei(:);ﬂ_ e—i('):ﬂ)g(wl, wz)dw, dwz

dxdy

(0} + wz)”z

(eiw‘z —c -—i(u.:)
Wy W, .

or, writing T(x, y, 0) as T(x, y),

k
d=-— Z;{F_,__,[ll(wl,(uz)] *T(—a, —f)

+ F, p[h(w,,w;)] *T(a, B)

F_, [h(@pw,)]* T(—a, )

—Fz.—ﬂ[h (‘thz)]* T(a, _ﬂ)}

(22)
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by the convolution thecorem, where

2 D172
h(@,0,) = M
Wy Wy

In Appendix A it is shown that

@ + )P 2m(x?+y)P
W, W, xy )

F

x.y

Using this expression in equation (22), and noting that

we can choose axes so that T(x, y) = T(+x, +y), the
“total flux is given by
2k (a® + ' 7
o =2 e p)
naf
Explicitly,

(e~ u? + (B —v)']'"
[~ u)(B—v)]

cn-2[ [

x T(u,v)dudo. (23)
To avoid singularities at ¥ = « and v = f, a wall of
finite thickness 2¢is required. Assume that within the
walls the surface temperature is 0, and that the
temperature falls linearly from 0 to —1 over the
distance 2¢. In the steady state, all surface temperature
distributions with the same inside-outside tempera-
ture difference will give the same result.

Referring to Fig. 4, T(x,y) is given as

~

0, x| <o |y|< B
-1, |x] = « + 2¢ and/or
[y]= B+ 2
B—yv ﬂ<y<ﬁ+28’
2¢
|| y+a—p
(RegionI)
o0 —Xx
, a<x<a+ 2,
2¢
T(x,¥) =< lyl<x+p—a
(Region II)
Bty p_2e<y< -4,
2¢
x| < —y+a-8
(Region III)
a+x,'—d—2£<x<—a,
2¢
Iyl —x+p—-«a
(Region 1V)
L
24)
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FiG. 4. The surface temperature distribution for 3-dim. steady-state heat flow.
Combining equations (23) and (24) gives

2k
O () =—Gf) 25)

where

G(a,p) = <2 +#>(a + &2+ (B + 9]'? - (J2) (1 + %) [o? + (@ + 22)1]' 7

- <J2><1 + 2£> 2+ g+ 26077 - S L g oy
a? + p?
£

_ W [[y2+(5+25)2]”2+6+25]+ v = (B+e)f ln[[(ot~l~ e)2+(ﬂ+8)2]”2+/3+8]
e W +8%)72+6 € ate

+ {1 +(/2)In[(V2) - 11} + 2¢{(/2) + n[(y2) - 1T}

e B+e o

. 92 — (¢ + € n [[(a +e)+ B+ P +a+ e]+ a(2ﬁ£— ) [ln (2 + B2 + ﬂ]

Jpee=p [(az + B+ ] T [[sz Flat o' I

> p £ a+ &
pB-é In [[f;2 + B+ )]+ a]
£ B+ ¢
S+ @+ o) P rate 2)p? | [1B+ (B +2)")'" + f + 2
+ 22+ &)In oo ]
£
12 andy=a—f,0=a+ .
+ (28 + ¢)In [[82 Rl il C:I The 2-dim. result of Section 3.3 can be obtained by
£ dividing equation (25) by 2« and letting « — o0. Note
2 2 2712 also that great simplification results in the case where
+ /2)e In [[a +la+ 2 et 28] o > & fi » & This, of course, is justificd in most cases
& « and gives
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z“—"'[aln<-2—“)+mn<2_)
n e €

+ 2+ )2 —a— B
2 Q1
_pnl +Ba) + f]

O (G ol ]
. i
lEquations (25) or {26) can be compared with the
graphical results of -Vuorelainen [12] for slabs of
various dimensions, and wall thicknesses of 0.25, 0.30
and 0.35m. Detailed comparisons were made using
equation (26), and in all cases the discrepancies were
less than 4%, which is close to the accuracy with which
values can be read from the graphs of ref. [12]. Even
these small discrepancies disappeared when the exact
zxpression given by equation (25) was used for the
comparison.

If the slab shape is notrectangular but rectilinear, we
propose, following the method suggested by Muncey
ind Spencer [13], that the total heat flow from the slab
whose area is 4 and perimeter is P be set equal to the
-otal heat flow from an equivalent rectangular slab
~hich has the same area and perimeter, The dimen-
sions of the equivalent rectangular slab, 2x and 28, can
se calculated from the cquations

(26)

1
a= [P +(P?=164)'7]

f= %[P — (P? - 164)!7].

With these values of « and f, equations (25) or (26) may
then be used to find @.

6. CONCLUSIONS

The results of the previous sections, when taken
together, provide a relatively complete and practical
solution to the problem of 3-dim. heat flow into the
zround underneath a rectilinear slab. Assuming har-
monic time dependence with angular frequency €,
then the solution for the harmonic amplitude @ of the
total heat flux at the surface may be expressed as a
unction of Q in the following manner, provided that
the assumptions of Section 4 hold:

(1) For Q > 1 cycle per day, the heat flow is
:ssentially 1-dim., that is, perpendicular to the slab
urface, and the solution has an appropriately simple
orm, given by

® =~ akAT,.

(2) For Q between 1 cycle/year and 1 cycle/day,
he heat flow is truly 3-dim., and to a very good
pproximation consists of the curved-path flows
round the edge or perimeter of the slab plus the 1-dim.
low applicable to (1), as shown in equation (21).

(3) For Q = 0 (the steady state), we have an exact
xpression for @ in the case of a rectangular slab, given

AT 26-1 -1

129

by equation (25). For a non-rectangular slab, a
sufficient approximation exists [13] (see Section 5).

Note that we do not have a solution when Q is
between 0 and 1 cycle/year. However, the frequency 1
cycle/year is sufficiently close to the steady-state for
this matter to be of no practical concern.

All the solutions presented here are simple in form
and mainly analytical. Furthermore, the results of
Sections 4 and 5 can be used to obtain solutions for
more complicated boundary conditions: for example,
a constant temperature over the slab and a (different)
constant temperature plus a harmonic time-dependent
component outside the slab. The only numerical
evaluation required is for the two repeated Bessel
function integrals Ki, (z) and Ki;(z), which are well-
known functions.
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APPENDIX A
SOME FOURIER TRANSFORMS

1. Calculation of F,, [— (o} + 03 + a*)'?]
Let

x x elw|x+lug
o= |7 | Grvateapstode:
(A1)
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and change to polar coordinates by writing ©, =
peosd, w, = psin B, so that

o= [ [ 2

If we make the further transformation x = rcos ¢,y = rsin ¢,
then

g(x.y) = J' ) [ J1 dg eirpcostd~¢)
0 4

x pdp
+ df eVrpcos(e+ ) - -
J, oo | e
pJo(rp)

x 2ne™
o= [[[orega o5

by the use of the integral representation of the Bessel function
and a table of integrals [14].
The integral we require is

el((pCOSU + ypsin)
i ———————dpd0.

2)1/2

or

(A2)

Fy [~ (0} + 0} + a?)'7?]
x r R .
= J f ~ (0! + w} + al)t Aty dy, dw,.

It is easy to see from equation (Al) that

alg azg 2

Fo,[—(of + 0l +a?)'?] = 6 .

Hence, using equation (A2), we obtain

2ne”
Fo -} + wl+ad)?]= [’—3](1 + ar).

2. Calculation of F, , [(w} + wi)*w, w,]
Let us take a = 0 in equations (A1) and (A2). Then

x * eiw x +iw,y - 2
) = — |do,dw, ==,
g(x.y} I . -[_x [(wf +w§)”2] LR

where r = (x2 + y)'2,

EY ES iw, el x +iwy ¥
J‘ I [————2 iR dw, dw,,
—x J-x ((')l + wz)

Now

ég
g.(x.y) = Fie

and so .
¥ < = [welo*elos —~ 1)
L(x3)dy = ————— [dw, dw,,

J‘og( ¥)dy J:x J—x[wz(wf+(0§)ln 1 2

ES x i X +iw,y
- E&i__;id%m%

- x - wz(w} + (D%)”‘

since

w, elu|x

- B .__———— dw,dw; =0,
J.—xJ. [wz(w,+wz)‘”] e

by symmetry.
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Similarly :
x * x wzeiu,x+iw1}'
(xy)dx' = —————— |dw, dw,.
L g,(x"y) J‘_x [—,_ [(u,(wf+w§)”z wy dw,
Therefore,

X ¥
J g,(x',y)dx' + J‘ g (x.y)dy”’
0

wl + 0327 . .
f f [() wlwz) ]C“"’l-‘hw;ydwldwz‘

24 ph)n
- Fx.r [(wl 1) ]
W, W,

But
2nx 2ny
gl ¥) = = —, g, (x)) = ——-,
r r
and so
o [@Hel ] 24y
e Wy, - Xy

3. Calculation of F,[ - (w? + a?)'?]
We require the integral

.
—(w? + a?)' e dw

Fl-(0*+d)'?] = J'

-
x

= f — (@? + a})'"? coswx dw.
0

Let

) x COS X do
plx) = o L@ +a)i? -

Using the integral representation [14] of the modified Bessel
function Ky(z), we have

p(x) = 2Ko(alx|).

(A3).

(A4)

The modulus sign has been inserted into the argument of the
Bessel function because p(x) needs to be defined for all values
of x. From equation (A3), we have

dzp ® 2 21
—=-2] (0 +a)"?coswxdo
dx 0
+2a? = COS WX d
24° —_— |dw,
o L(w?+ a¥)t?
so that

a2
F.[ - +a)?)= a% — a’p.

From equation (A4)
d

d_:= — 2asgn(x)K, (a]x])

and

d?p 25 , 1
=2 Ko(a|x|) + 24K (a]x|) ITl-za(x) )
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Hence

F,[ —(0? + a®)'?] = 24K, (a|x|) ’l‘—l - 26(x)].

4. Calculation of F,[(w* + a*)' /)

Let
Ed fox .
p(a) = I [(—w,—f:‘z)—m]dw =2K,(a|x|). (AS)
Then
1 , . l o clw!
J:) p(x)dx = ; J.-Q I:w' (0 + az.)ln']dw
since

© [ dw _
J._m w(w? + a2 |

by symmetry.

Also,
p wclu!
dz J. [(w + az)”’]dw
J' [(w +a’)m] 08 gy
— ia? : _—e'w! dw
o w(w? + a?)t?

2 2312 3
=iF, [M]+ a? J pla')dx,
w 0

so that
2 2t ‘d . z
F, [M] _ f p()d.
w dx 0
But, from equation (A5),

b 2
. J p(a’)dx’=;sgn(a)[§—xil(alal)].

0

so that

o 2 [
F, [M_] = 2ai sgn (2)
w

n
X [K, {ala}) — Kiy (a]o) + 5]-

APPENDIX B
HEAT FLUX FOR THE DOUBLE INCLINED-STEP
TEMPERATURE DISTRIBUTION
Equation (8) was calculated using the temperature distri-
bution given by equation (16). Writing

oT
I(x) =6_z

=0

and defining B(z) by
B(2) = z[Ki) (z) — K, ()]

the results are as follows:

@ If|x} > B+ 2,

160 =12 (Ba(jx|+ p + 20)]
_ + B[a(|x| - B - 2¢)]
~ Bla(|x| + B)] — Bla(|x| - B)}
+ Ko[a(|x| + B + 2¢)]
+ Ko la(|x| = B~ 2¢)] — Ko[a(|x]| + B)]
— Kola({x| - B)}} — aT .
®) If |x| < 4, (B1)
1(x)= —TL){B[ (B + 2e + x)] + Ba(f + 2¢ — x)]

— B[a(B + x)] — B[a(B — x)] + Ko[a(B + 26+ x)]

+Ko[alB + 26 - x)] — Ko[a(B + x)]
~Kola(p- x)]} — aT,.
@IFB<|x| <p+2 "
(T, -
2ne
— Bla(x| + #)] - Bla(|x] - B)]
+ Kola(x + g+ 2¢)]
+ Ko[alB + 2¢ — x)] — Ko[a(]x| + 8)]
- Ko[“(lxl - B)]
(B3)

I(x)= ) {Bla(B + 2¢ + x)] + B[a(B + 2 — x)]

+ (x| - B)}.

APPENDIX C
NEGLECTING OPPOSITE WALLS

The accuracy of equation (20) can be checked by compar-
ing it to the exact result, given by equation (17). Let

A= -;5 — Ki, 2ae) + Kiy(2ae),

and
8 = Kiy(2aB) — Ki, (2aB) + Kiy [2a(B + ¢)]
- Kiy[2a(8 + &)

Then, referring to equations (17) and (20), it is clear that the
presence of an opposite wall has a negligible effect on the flux
due to the wall-under consideration if

|Re(4)] > |Re (8)]
and

[Im(A)] > [Tm (5).|
An accurate numerical calculation has been made of A and 6,
using thevalues k = 4.6 x 10~ " m?s~! for average soil [1], 2¢
= 0.2m (a typical wall thickness) and 28 = 3m. Some

representative results for various values of the period are
shown in Table 2.
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Table 2.
Period (days) Re(A) Im(A) Re(d) Im(8)
1 0.803 0.014 <107%

50 0.494 0.180 0.00030 —0.00041
100 0409 0.172 0.0017 0.00044
150 0.363 0.163 0.0021 0.0021
200 0.332 0.156 0.0017 0.0037
250 0.309 0.150 0.011 0.0049
300 0.292 0.145 0.0031 0.0059
350 0.277 0.141 —0.00052 0.0066
400 0.265 0.137 —0.0014 0.0072

From these results it is clear that for 28 = 3m and for
periods of less than 1 year, the maximum error involved in
ignoring the contribution of § to equation (17)is of the order
of 5%, This error increases with increasing period but
decreases with increasing f (for constant ¢). These con-
clusions are valid provided that ¢ « B.

APPLICATION DES TRANSFORMEES DE FOURIER A LA CONDUCTION THERMIQUE
PERIODIQUE DANS LE SOL SOUS UN IMMEUBLE

Résumé—Des transformées de Fourier sont utilisées pour obtenir des expressions du flux de chaleur depuis

une surface 4 température donnée dans un solide semi-infini 4 deux ou trois dimensions, avec toutes les

grandeurs supposées périodiques dans le temps. Ces expressions sont explicitées dans le cas bidimensionnel

et elles sont utilisées pour obtenir des résultats approchés dans trois dimensions, valables pour un grand

domaine de fréquences. Une expression explicite exacte est obtenue pour le flux thermique, dans le cas
permanent tridimensionnel, 4 partir d’'une surface rectangulaire.

ANWENDUNG DER FOURIERTRANSFORMATION AUF DEN PERIODISCHEN
WARMEFLUSS IN DEM BODEN UNTER EINEM GEBAUDE

Zusammenfassung—Fouriertransformationen werden verwendet, um Ausdriicke fiir den Warmestrom von

einem Gebiet an der Oberfliche mit gegebener Temperatur in einen zwei- oder dreidimensionalen

halbunendlichen Festkdrper zu erhalten, wobei angenommen wird, daB alle Gré8en periodisch in der Zeit

sind. Diese Ausdriicke werden explizit fiir den zweidimensionalen Fall ausgewertet und benutzt, um

Nahrungslésungen fiir den dreidimensionalen Fall zu erhalten, die fiir einen groBen Frequenzbereich giltig

sind. Eine exakte explizite Losung fiir den dreidimensionalen stationdren WarmefluB, der von einem
rechteckigen Gebiet an der Oberfliche ausgeht, wird ebenfalls erhalten.

HUCIOJIb30BAHHE ITPEOBFPA3OBAHHI ®VPLE NIl PACUETA BEJUUYWHBI
IMNEPHOAUYECKOI'O ITOTOKA TEIUJIA B 'PYHT NOJ 3JAHUEM

Annotauns—/Ins onpeneneHus BENHYHHLI TEMIOBOrO NOTOKA OT MOBEPXHOCTH C 3amaHHoil Temnepa-
TYPOil K JBYMEPHOMY MJIM TpeXMEpHOMY NONYyGECKOHEYHOMY TBEPAOMY Tely HCHOABIYIOTCS
npeobpasosanns ¢ypbe B NPEANONOKCHHH, YTO BCE BEAHYMHBL ABIAIOTCH MNEPHOAHYCCKHMH BO
BpemeHi. [loayyeHbl BbIpakeHnus B SBHOM BHMAC MIA JBYMEPHOTO CJyYas, KOTODPHIE MCNOJB3YIOTCS
3aTeM V1A N01y4eHHs MPHOMHACHHBIX pe3ylbTaTOB B TpexmepHoM ciydae. [locnenuue cnpasemtiBe!
B IIHPOKOM AHanaloue 4actoT. Takike nonyyeHO TOYHOE SBHOE BLIPAKCHHE AN TpEXMEpPHOro
CTaUHOHAPHOTO TEMIOBOTO MOTOKA OT NPAMOYIOJbHOlt 061aCTH NOBEPXHOCTH.



